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Abstract Quantum MDS codes are an important family of quantum codes. In this paper,
using generalized Reed—Solomon codes and Hermitian construction, we construct seven
classes of quantum MDS codes. All of them provide large minimum distance and most of
them are new in the sense that the parameters of quantum codes are different from all the
previously known ones.
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1 Introduction

Quantum error-correcting codes play an important role in quantum computations and quan-
tum communications. In [4,5], Calderbank et al. found that we can construct quantum codes
from classical self-orthogonal codes over [, or F4 with respect to certain inner product. This
was then generalized to the nonbinary case in [2,20]. Thereafter, many quantum codes have
been constructed by classical linear codes with Euclidean or Hermitian self-orthogonality
[1,6,21].

Let g be a prime power, an [[n, k, d]], quantum code is a g¥-dimensional subspace of
C4" with minimum distance d, which can detect up to d — 1 quantum errors and correct up
to L%J quantum errors. As in classical coding theory, one of the central tasks in quantum
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coding theory is to construct quantum codes with good parameters. The following theorem
gives a bound on the achievable minimum distance of a quantum code.

Theorem 1.1 ([15,16] Quantum Singleton Bound) Quantum codes with parameters
[[n, k, d]ly satisfy

2d <n—k+2.

A quantum code achieving this bound is called a quantum maximum-distance-separable
(MDS) code. Just as in the classical linear codes, quantum MDS codes form an important
family of quantum codes. Constructing quantum MDS codes has become a central topic for
quantum codes in recent years. There are many methods to construct quantum codes, and
the following theorem is one of the most frequently used construction methods since we can
obtain quantum MDS codes with length larger than g + 1.

Theorem 1.2 ([2] Hermitian Construction) If C is an [n, k, d]qz-linear code such that
CLH C C, then there exists an [[n, 2k — n, > d]],-quantum code.

For the quantum MDS codes, we have the following corollary.

Corollary 1.3 There is an [[n, n — 2k, k + 1]], quantum MDS code whenever there exists
a classical Hermitian self-orthogonal [n, k,n — k + l]qg-MDS code.

There have been many papers on the construction of quantum MDS codes (see [3,7-
14,17-19,23,24] and the references therein). However, it is not an easy task to construct
quantum MDS codes with length n > ¢ + 1 and minimum distance d > . In this paper, we
construct some new quantum MDS codes with minimum distance d > 3 through classical
Hermitian self-orthogonal generalized Reed—Solomon codes.

This paper is organized as follows. In Sect. 2 we recall the basics about linear codes
and some properties of generalized Reed—Solomon codes. In Sects. 3, 4, 5 and 6, we give
seven new classes of quantum MDS codes from generalized Reed—Solomon codes. Section 7
concludes the paper.

[STESINY

2 Preliminaries

Throughout this paper, let Fy be the finite field with g elements and I be the multiplicative
group of nonzero elements of F,, where ¢ is a prime power. A linear [n, k], code C over IF,
is a k-dimensional subspace of IFZ. The weight wt(x) of a codeword x € C is the number of
nonzero components of x. The distance of two codewords x, y € C is d(x, y) = wt(x — y).
The minimum distance d of C is the minimum distance between any two distinct codewords
of C. An [n, k, d], code is an [n, k], code with the minimum distance d.

Given two vectors x = (X0, X1, ..., Xp—1)s ¥ = (Y0, Y15 ---> Yn—1) € IFZ, there are two
inner products we are interested in. One is the Euclidean inner product which is defined as
(x, WE = Z:l;ol X;iyi. When g = 12, where [ is a prime power, then we can also consider
the Hermitian inner product which is defined by (x, y)y = Z::(; x;y!. The Euclidean dual
code of C is defined as

Ctf={xe Iyl (x,y)p =0forally € C}.
Similarly the Hermitian dual code of C is defined as

CHH = (x e Fyl {x,y)n = O0forall y € C}.
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A linear code C is called Euclidean (Hermitian) self-orthogonal if C C CLE(c c ctH,
respectively). . A ‘

For a vector x = (x1,...,x,) € IE‘ZZ, let x* = (x{,...,x). For a subset S of IE‘ZQ, we
define S7 to be the set {x?| x € S}. Then it is easy to see that for a linear code C over Fo2, we
have C1# = (C%)LE Therefore, C is Hermitian self-orthogonal if and only if C C (CHLE,
ie,CdCCLE

Now we recall the basics of generalized Reed—Solomon codes. Choose n distinct elements

ai, ..., ay of Fy and n nonzero elements vy, ..., v, of Fy. For 1 < k < n, we define the
code

GRSk (a, v) := {(vi f(a1), ..., va f(an))| f(x) € Fy[x] and deg(f (x)) < k},
where a = (ay,...,a,) and v = (vq, ..., v,). The code GRSk (a, v) is called a general-

ized Reed-Solomon code over F,. It is well known that a generalized Reed—Solomon code
GRSy (a, v) is an MDS code with parameters [, k, n —k+1],. The following lemma presents
a criterion to determine whether or not a generalized Reed—Solomon code is Hermian self-
orthogonal.

Lemma 2.1 Leta = (aj,...,a,) € IF;Z andv = (vy,...,v,) € (IF;Z)”, then GRSy (a,v) C
GRS (a, V)~ ifand only if (@¥/H vty g = 0 forall 0 < j, 1 <k — 1.

Proof Note that GRSy (a, v) € GRSy (a, v)*# if and only if GRS (a, v)¢ € GRSi(a, v)1£.

It is obvious that GRSy (a, V)7 has a basis {(v{a’. ... vfa,)|0 < i < k — 1}, and
GRSi(a, v) has abasis {(viaj, ..., v,a})0 < i < k—1}.SoGRSy(a, V)7 C GRS(a, v)LE
if and only if Z?zl v?“a;”” =0forall0 < j,l <k—1. O

Note that Lemma 2.1 is just a special case of the so-called puncture code that has been
introduced by Rains [20], but Lemma 2.1 is enough for our constructions.

3 g-ary quantum MDS codes, where ¢ = 2am + 1

In this section, we consider g-ary quantum MDS codes, where ¢ = 2am + 1. We need the
following lemma for our construction.

Lemma 3.1 Let g be an odd prime power with the form 2am + 1, w be a fixed primitive

2_
element of F 2 and n = % Suppose a; = (0*H, Wttt @¥atty ¢ IFZZ andu =
(1,09, ..., 00Dy ¢ IE‘ZZ. Then we have (a;”H,u‘f“)E =0forany0 < j,I < (a +
Dm — 1.

Proof Forany 0 < j,I < (a+ 1)m — 1, we have
j+
(al ™ wt ™),

n—1
=3 a+D N+ ata D
i=0
n—1 .
— 20 @j+D) ZwZai(qj+l+%)’

i=0
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We claim that 2a(gj + [ + 45+ 1) # 0 (mod ¢> — 1). Otherwise gj + 1 = r ;l’ we

get m(q + l)l%(q + 1). Then there exists an integer r| such that » = 2mr; — 1. Hence
qgj+1 = Q2mry — 1)% =mriqg+ (r1 —aym —1 = (mr; — 1)q + (a +r1)m, contradicting
to the fact that 0 < j,/ < (a + 1)m — 1. Then we get
j+1
. w),

n—1
. . g+1
_ 2@+ zw2az (qj++251)

i=0
=0.

Now, we have the following theorem.

Theorem 3.2 Let g be an odd prime power with the form 2am + 1. Then for each 1 <
b < 2a, there exists a [[bm(q + 1), bm(q + 1) — 2d + 2, d]],-quantum MDS code, where
2<d<(a+Dm+1.

Proof Let a; = (0>t 0%t . ™t € Fl, andu = 1,0, ..., 0" D) ¢ Fl>,
2_
wheren =m(q + 1) = qz—al.Takea:(al,ag,...,ab) andv = (u,u,...,u).
—_——
b times

Note that if @?®1+/1 = @242+ where 1 < iy,in <nand 1 < ji, j» < b, theni; = i
and j; = j». Hence the elements of the vector a are mutually distinct.
Then for 0 < j,/ < (a + 1)m — 1, by Lemma 3.1, we have

(aqj—H Vq+1)E

b
)
Z 41]+ uq+l
i=

1
0.

Hence GRSy (a, v) € GRS (a, v)1H for 1 < k < (a + 1)m. Then by Corollary 1.3, the
conclusion follows. m]

In particular, taking b = 1, we obtain the following corollary which is one of the main
results in [7,24].

Corollary 3.3 Let g be an odd prime power with the form 2am + 1. Then there exists an
[[m(g +1),m(qg + 1) — 2d + 2, d]],-quantum MDS code, where 2 < d < (a + )m + 1.

The elements of a, in Lemma 3.1 form a coset of a subgroup of IF:;Z. The following lemma
is similar to Lemma 3.1, which takes the vector obtained by deleting ¢ + 1 elements from a,.

Lemma 3.4 Let g be an odd prime power with the form 2am + 1, w be a fixed primitive ele-
—1. Letb, = (w2a+t w4a+t . wq7172a+t wq71+2a+t .

I )

ment of F > andn = 4
2 2 .
w22kt qt gt 2att L at 1= 2aty o IFZZ. Then there exists W € (IE‘;Z)" such

that (0% Wity g = 0 forany 0 < j,1 < (a + Dm — 2.
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Proof Let Abean (m—2) x (m—1) matrix with A;; = 0¥ @D =D e | forl <i <m-2
and 1 < j < m — 1. Then there exists ¢ € ]Fgl_l such that A - ¢/ = 0. Note that by
deleting the j’-th column from matrix A, the remaining matrix is a Vandermonde matrix
multiplied by [ i) @%@+ hence all coordinates of ¢ are nonzero. So we can represent ¢
asc = (M@th . @im-1@t+h)y

Now let w; = (a)‘“”%, .. .,w“”l*l”qz;l) and W = (Wo, Wi, ..., W,). Then for 0 <
j.l < (a+ 1)m — 2, we have

(b?jH’ Wq+1)E

q—1 q—1

m—1 v m—1 e

2 2
— Z wai(q+1) Zw[ZS(q—1)+t+2ai](qj+l) _ Z wai(q+1) Zw[ZS(q—1)+q—1+t+2ai](qj+l)
i=1 s=0 i=1 $=0
g—1
m—1 =
_ o @ith (1 _ w(q—l)(qj+l>) S A2 (2D,
i=1 s=0
Note that
g—1
=z 0; if Ly g+,
W@ D) _ > 1@ji+h
1. pqtl,, .
=0 G2 if (g + D).
Now assume ¢j + [ = r%. If r is even, then @@ D@*D — 1 and hence

(b,q‘i+l, wq+1>E = 0.

If r is odd, then we claim that r £ 2m — 1 (mod 2m). Otherwise, letr = 2mx +2m — 1,
then gj +1 = 2mx +2m — 1)‘12il = [(x + 1)m — 1]g + (a + x + 1)m, contradicting to the
fact that 0 < j,! < (a 4+ 1)m — 2. Therefore 2a(qj + /) (mod q2 — 1) efar(g+ DIl <
r <2m — 3, risodd}. We have

(b?jﬂ’ WqH)E

m—1

a4+ 1 iqith (1 _ w(q—l)(q/+z>) S a2
2 “
i=1
= O7
where the last equality follows from the definition of vector c. O

From Lemmas 3.1 and 3.4, we have the following theorem.

Theorem 3.5 Let g be an odd prime power with the form 2am + 1. Then for integers b, ¢
suchthatb,c > 0,1 <b+4c <2aandb > 1 orm > 2, there exists a [[(bm +c(m —1))(qg +
D), (bm +c(m — 1))(q + 1) — 2d + 2, d]]4-quantum MDS code, where2 < d < (a + )m.

Proof Let a, = (021!, p%tt . @Pmatty ¢ IFZ;, u= (Lo ...,0m by ¢ IE‘Z%,
2
b, = (w2a+t’ w4a+t, L wq7172a+t’ wq71+2a+t’ o w2q7272a+t, o 7q+2a+t7 o

a)‘iz_l_z‘”” ) € IFZ%, and w be the vector defined in Lemma 3.4 with length n,, where

2 2
no=mg+1D =% andn, = m—1)g+1) = 4 —g— 1 Takea =
(aj, a2, ...,ap, bpr1,bpyo,....bpyre)andv=(u,u,...,u,w,w,..., w).

b times ¢ times
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Note that if @?@1H/1 = 22472 where 1 < iy, i <nand1 < ji, jo» < b, theni; = iy
and j; = j». Hence the elements of the vector a are mutually distinct.

Then for 0 < j,! < (a + 1)m — 2, by Lemmas 3.1 and 3.4, we have

(aqurl, Vq+l>E
b+c
qgj+l g+l qj+l +1

{af’™ uf )E+ Z (b, wd )E
1 i=b+1

I
M=

Il
o~
|

Hence GRSy (a, v) € GRSk (a, )~ for 1 <k < (a+ 1)m — 1. Then by Corollary 1.3, the
conclusion follows. O

4 g-ary quantum MDS codes, where ¢ = 2am — 1

In this section, we consider g-ary quantum MDS codes, where ¢ = 2am — 1. We first prove
the following lemma.

Lemma 4.1 Let g be an odd prime power with the form 2am — 1, w be a fixed primitive

_ g —1 _ (2a+t | da+t 2na-+t n _
element of F 2 and n = *5—. Suppose a; = (o , W s, @ ) € Iqu andu =

(1, w21 2Qa=1) (=D Qa—Dy ¢ ]FZZ' Then we have (a?jﬂ, u"“)E = 0for0
j.l <(a+1)m—3.

IA

Proof Forany 0 < j,I < (a + 1)m — 3, we have

(a7 wr)

E
n—1
— Zw(2a—1)z(q+1)w[t+2a(l+1)J(qj+l)
i=0

n—1
= U/ 37 illa D Qa=D+2a(qi 4D,

i=0

We claim that (g + 1)(2a — 1) + 2a(gj +1) # 0 (mod g% — 1). Otherwise, qz-zl [(gj + D),
thenletgj + [ = r%. We get (q2 — Dl(g+ D@ +2a —1),then (¢ — 1)|(r +2a — 1).
There exists an integer r| such thatr = rj(¢ — 1) —2a + 1. Then we have gj +1 =rm =
[rilg—=1)—=2a+1lm = (rym — 2)q + (2a + 1 — r1)m — 2, this contradicts to the fact that
0<j,l <(a+ 1)m—3. We have
(a?jJrl, ud+! )E
n—1
— o 20@j+D Zwi[(q+1)(2a—1)+211(qj+l)]
i=0

n—1
. [ (g+DH2a—1) .
— UT20)(@j+D) 2 :w2az [@H2e= 1)+

i=0
=0.
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Now, we have the following theorem.

Theorem 4.2 Let g be an odd prime power with the form 2am — 1. Then for each 1 <
b < 2a, there exists a [[bm(q — 1), bm(q — 1) — 2d + 2, d]],-quantum MDS code, where
2<d=<(a+Dm-1

Proof Let a;, = (™7, %+ . w2mett)y ¢ IF”z and u = (1, 0* !, @2&=D
"~ D=1y ¢ IFZZ, where n = m(g — 1) = . Take a = (ay,ap,...,ap) and
v=(uu,...,u).
——
b times

Note that if @2®1+/1 = @242+ where 1 < iy, in <nand 1 < ji, j» < b, theni; = i
and j; = j». Hence the elements of the vector a are mutually distinct.
Then for 0 < j,l < (a + 1)m — 3, from Lemma 4.1, we have

(aqj—H Vq-H)E

b
Z q/+l uq+1
i=

1
0.

Hence GRSy (a, v) € GRSy (a, v)~ for 1 < k < (a 4+ 1)m — 2. Then by Corollary 1.3, the
conclusion follows. O

In particular, taking b = 1 or letting @ be an odd integer and b = 2, we obtain the following
two corollaries which are the main results in [22].

Corollary 4.3 Let g be an odd prime power with the form 2am — 1. Then there exists an
[[m(g —1),m(q — 1) — 2d + 2, d]]4-quantum MDS code, where2 < d < (a + 1)m — 1.

Corollary 4.4 Let g be an odd prime power with the form 2am — 1, where a is an odd
integer. Then there exists a [[2m(q — 1),2m(q — 1) — 2d + 2, d]]y-quantum MDS code,
where2 <d < (a+ 1)m — 1.

In order to construct more quantum MDS codes, we need the following lemma [11].

Lemma 4.5 [11] Let A be an (n — 1) x n matrix of rank n — 1 over ]Fq2. Then the equation

Ax = 0 has a nonzero solution in ¥y if and only if AD and A are row equivalent, where
AW is obtained from A by raising every entry to its q-th power.

Then we have the following lemma.

2_
Lemma 4.6 Let g be an odd prime power with the form 2am — 1 and n = q2a1
g + 1. Suppose b, = (0T, w*att . @itl=2at getl42ate 0204220k

qu—q—2+2a+t7 ey qu_l_za'H) € IF‘ZZ. Then there exists W € (]FZZ)" such that
P Wity e = 0for0 < j1 < (a+ m — 4.

Proof Let w be a fixed primitive element of Fgo. We also let Abean (m —2) x (m — 1)
matrix with A;; = @?W 3@ for ] <j<m—2, 1<j<m-—1.

Since (m — 34+ (g — D@ —1))g = (m -3+ (g — 1)(m —i —2)) (mod g2 — 1) for
1 <i<m-—2,then A and A are row equivalent. By Lemma 4.5, there exists ¢ € IE‘;”_I

@ Springer
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such that A - ¢’ = 0. Note that by deleting any one column of matrix A, the remaining matrix
is a Vandermonde matrix, hence all coordinates of ¢ are nonzero. So we can represent ¢ as
c = (wal(q+1), o wamfl(q+1)).

Now let w = (09, ..., @%m-1 o0~ M=3)  pm1—0m=3) —  pa—m=3)q-2)
win=1-m=3)(g=2)y ¢ (F7,)". Then for 0 < j.I < (a + 1)m — 4, we have

(b?Hlv Wq+1)E

m—1 q-2
= > @R D@ DS,
i=1 s=0
Note that
-2 . .
qzw(qﬂ)(w,m%)s _1 ifqg-Df@j+l-m+3),
=0 g—1 if(g—=Dl(gj+1—m+3).

Assume gj +1 —m + 3 = t(q — 1), we claim that t £ m — 2,m — 1 (mod m).
Otherwise, if t =m —2 (mod m),lett =rm +m —2,then0 <r <a.Ifr <a —1, then
gj+l =t(g—1)+m—-3 = (mr+m—-3)qg+(q—mr—1) = (mr+m—3)qg+2a—r)m—2and
a—r)m—2 > (a+1)m —4 whichis a contradiction. If r = a, thengj+I[ =t(g—1)+m—
3= (am+m—3)q+(am—2)andam+m—3 > (a+1)m —4, which is also a contradiction.
Similarly, t £ m—1 (mod m).Hencegj+/ (mod qzzgl) e{t(g—1)+m-3|0 <t <m-3}.
Thus

qj+l 1
(b, Wit >E
m—1
—g-1 Z fi@+D+2ai(qj+D)
i=1

=0,
where the last equation is from the definition of c. O

Now, we can prove the following theorem.

Theorem 4.7 Let g be an odd prime power with the form 2am — 1. Then for integers b, ¢
suchthatb,c > 0,1 <b+4c <2aandb > 1 orm > 2, there exists a [[(bm +c(m —1))(qg —
D), (bm~+c(m—1))(q —1)—2d +2, d]ly-quantum MDS code, where2 < d < (a+1)m —2.

Proof Let a; = (0™t o*t . oMty ¢ F' u = (1,0 !, 2@ |
w(nl—l)(Za—l)) e IFZL bt — (wZLH—t’ w4a+t’ o wq+1—2tz+l, wq+l+20+t, o w2q+2—2a+t’
2 2 . .
Ll T4 at 1 2aty o IFZ% and w be the vector defined in Lemma 4.6 with
2 2_
length ny, where n; = qz—al and np = qzal —q+ 1. Takea = (ay, ay, ..., ap, bp41, bp42,
oo, bpyo)andv=(u,u,...,u, W, w, ..., W).

- btimes  ctimes
Note that if @241+t = 22472 where | <iy,ip <nand1 < ji, jo» <b, theni; = i»
and j; = j». Hence the elements of the vector a are mutually distinct.
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Then for 0 < j,/ < (a + 1)m — 4, from Lemmas 4.1 and 4.6, we have

(aqj+l’ vq+1)E

b ) b+c )
= D S e,
1 i=b+1

I
[
=

Hence GRSy (a, v) € GRS (a, v)1H for1 <k < (a + 1)m — 3. Then by Corollary 1.3, the
conclusion follows. O

The following lemma is a similar result as Lemma 4.6.

Lemma 4.8 Let g be an odd prime power with the form 2am — 1, where a is an odd

2_
g -1 att glatt o gg-atltt gatati+e

integer and n = —q + 1. Suppose b, = (w
2 2 .
watimatt o aT g katt gt lmatty o IFZZ. Then there exists W € (IF;Z)“ such

that (% Wity g = 0for 0 < j.1 < (a+ ym — 3.

ey

Proof Let w be a fixed primitive element of ]qu. We also let Abean 2m —2) x 2m — 1)
matrix with A;; = 0?C@=D="Difor1 <i<2m -2, 1 <j<2m—1.

Since a(i(g—1)—1)g =a(@m—1—i)(g—1)—1) (mod g>—1)forl <i <2m—1,
then A and A are row equivalent. By Lemma 4.5, there exists ¢ € ]F‘fi’”_1 such that
A - ¢' = 0. Since by deleting any one column of matrix A, the remaining matrix is a
Vandermonde matrix, then all coordinates of ¢ are nonzero. Hence we can represent ¢ as
c = (M@t gam-1g+hy

Now let v = (0™, ..., 0%t o®Fl  @oma1tl o p@ta=2pam-1+a=2) ¢
(]F;‘z)”. Then for 0 < j,I < (a + 1)m — 4, we have

(b;[jH’ WqH)E

2m—1 q—2
= 3 Wu@HDHAGHD S @+ DD,
i=1 s=0

Note that

q—2 . . .
S DS [0’ it(@—Df@ji+i+D

g g—1: if (g — DI(gj +1+1).

Assume gj +/+ 1 = t(qg — 1), then t # 0,2m — 1 (mod 2m). Otherwise, if r = 0
(mod 2m), lett = 2rm. Thengj +1 =t(g—1)—1 = Q2rm — 1)g + 2a — 2r)m — 2
and min{2rm — 1, (2a — 2rym — 2} > (a + 1)m — 3, which is a contradiction. Similarly,
t #2m — 1 (mod 2m). Thus

n
1 j+1
DA
] ]
i=1

m—1

=@-1 Z %@ +D+ialgj+D)
i=1

= 07

where the last equation is from the definition of c. O
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Then we can immediately get the quantum codes in the following theorem.

Theorem 4.9 Let g be an odd prime power with the form 2am — 1, where a is an odd integer.
Then for integers c1, c3, ¢3 such that c1,c2,¢3 > 0,0<c1+c2 <a,0<c1+c3 <aand
c1 +c2 4¢3 = 1, there exists a [[(ci2m — 1) + (c2 + c3)m)(g — 1), (c1(2m — 1) + (c2 +
c3)m)(q — 1) — 2d + 2, d]]4-quantum MDS code, where2 < d < (a + 1)m — 1.

Proof Let a;, = (w2t @ttt . @¥ietty ¢ ]FZ;, u = (1,0% ! @*@a-b
(nl—l)(2a 1)) e IF"I bt — (wa+t7 w2a+t, o wq—a+1+t’ wq+a+l+t’ o w2q+2—a+t’ o
Wi’ —a=2ratt wq Pol-atry ¢ F"Z and w be the vector defined in Lemma 4.8 with

length n,, where ny = m(qg — 1) = 22— andny = (m — (g -1 = £— _1 —q+ 1.

Take a = (by, by, ~-~7bc1;acl+laacl+2» coos A4y Acpta+1s Acp4a+2s - - ac1+a+L3) and
v=(W,wW,...,w,u,u,...,u).
c] times c2+c3 times

Note that if @2@1+/1 = 22472 where | <iy,ip <nand1 < ji, jo» <b, theni; = i»
and j; = j». Hence the elements of the vector a are mutually distinct.
Then for 0 < j,l < (a + 1)m — 3, from Lemmas 4.1 and 4.8, we have

(™t vatl)

cl c1+c2 c1ta+c3
_ qj+l g+l Z qj+ g+1 Z qj+l _g+1
_Z(bi » W )E+ (ai »u )E+ (ai u )E
i=1 i=c1+1 i=ci+a+1

=0.

Hence GRSy (a, v) € GRS (a, V)J‘H for 1 <k < (a+ 1)m — 2. Then by Corollary 1.3, the
conclusion follows. ]

5 g-ary quantum MDS codes, where ¢ = 2am — 1 and ged(a, m) = 1

In this section, we consider g-ary quantum MDS codes, where ¢ = 2am — 1 and gcd(a, m) =
1. As a preparation, we have the following lemma.

Lemma 5.1 Let g be an odd prime power with the form q = 2am — 1, where
ged(a,m) = 1. Let o be a fixed primitive element of ¥2, f € {0, 1}, and s,t be inte-
gers such that 0 < s < m, 0§t<a—lands+t>lSupposeb =
(w2a+t(q+l)+f 4a+z(q+l)+f B 2as+l(q+l)+f) Cif = (w2m+t(q+1)+f w4m+l(q+l)+f

@PMF @Dy gpg ay (boyf, co,f. b1, €l fy-.bg2 7, €42 1). Then there

exists v € (]FZZ)(S'H)(q—l) such that (a?jﬂ, Vq"'])E =0for0<j,l<am+s-+t—3.

Proof Let w be a fixed primitive element of F 2. We alsolet Abe an (s +7 — 1) X (s + 1)
matrix with A;; = @2+ =24@=D0=D) for | <j <s4¢r—1, 1< j <sand Ajj =
@M H =2 =D for | < <s41—1, s+1<j<s+1.

Since (s+t—24+(q—1)(i—1))g = (s+1—2+(g—1)(s+t—1—i)) (mod ¢g>—1)forl <
i <s+1t—1,then A® and A are row equivalent. By Lemma 4.5, there exists ¢ € IE‘fI'H such
that A - ¢/ = 0. Note that by deleting the j’-th column from matrix A, the remaining matrix
is a Vandermonde matrix multiplied by []; . e (s+1=2) 1,4 w?M2+1=2) hence all

coordinates of ¢ are nonzero. So we can represent casc = (o (‘1"‘1), L st aty
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Now let w; = (@177, ..., w®+T) and v = (g, U_(541-2), - - -, U—(51-2)(¢—2))» then
forany 0 < j,I <am + s+t — 3, we have

(a(;'jﬂ’ vl
s q—2
_ ZZw(2ai+k(q+1)+f)(llj+l)w(e,~—(s+t—2)k)(q+1)
i=1 k=0
t q-=2
+ Z Z w@mitk(@+D+1)qj+D)  (es+i—(s+1=2)k)(g+1)
i=1 k=0
s t q—2
= o/ @W+D (z w2ai(qj+l)+e,-(q+l)+Zw2mi(qj+l)+e;+i(q+l))zwk(q+l)(qj+l—s—t+2).
i=1 i=1 k=0
Note that
q-2 . .
Zwk(l]+l)(qj+lfsft+2) _ [0§ if(g—D1t(@j+l—-s—1t+2),
paard g—1 if(g=Dlgj+1—s—1+2).

Ifgj+l—s—t+2=r(g—1),weclaimthat) <r <s+t—2oram <r <am—+s+t—2.
Otherwise, if r > s+t —2,thengj+Il =r(g—1)+s+t—-2=r—-1)g+qg+s+t—r—2 =
(r—1)g+2am—+s+t—r—3.Since0 < j, I < am—+s+t—3,wehaveam <r < am-+s+t—2.
Note that 2¢1(@m(G=D) = ,2milam(q=1) — 1 we have

(a‘}jH, vt >E

s t
— wf(qj+l)(q -1 (Z w2ai(r(q—1)+s+l—2)+e,~(q+1)+Zw2mi(r(q—1)+s+l—2)+es+,-(q+1))
i=1 i=1

=0,

where the last equation is from the definition of c. O
Then we have the following theorem.

Theorem 5.2 Let g be an odd prime power with the formq = 2am—1, where gcd(a, m) = 1.

Then for integer ¢ such that 1 < ¢ < 2(a + m — 1), there exists a [[c(q — 1),c(qg — 1) —
2d + 2, d]],-quantum MDS code, where2 < d < am +cy — 1,

c; ifl<c<a+m-1,
cl =
L5 ifa+m<c=<2a+m-—1).

Proof If 1 <c <a+m—1,letc =s+tsuchthat) <s <m, 0 <t <a-—1.

Let bi — (w2a+i(q+l)’ w4a+i(q+l)’ o w2as+i(q+l))’ ¢ = (w2m+i(q+1)’ w4m+i(q+1)7 o
w?Mi+i@+D) Take a = (b, ¢, by, ¢1, -+, by_2, ¢4_2).

Ifa+m<c<2@+m—1),c; = 5] letc; =s; +1 and ¢ — c| = 53 + 1 such that
0<si,50<m, 0<t,p <a—l.Leth; o= (0@t latila+D g,2asitilq+D)y
Cio = (@PHETD Gmtilgrh | 2mnt@Dy = (Ratil@ D atitrD

., w2as2+i(q+1)+l) and ci = (w2m+i(q+l)+1’ w4m+i(q+l)+l’ . w2m12+i(q+l)+l)' Take
a = (bo,0, €0,0, b1,0, €1,0, - - s bg—2,0, €4—2,0. bo,1, €01, b1, 1, €1,1, -+, bg—2,1, €4—2,1).
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If @2t ti@th — (2mixt2@+D where | < iy <m, 1 <ip <a—1land0 <
Jji, jo < q — 2. Then w2@i1=2mi2+(h—j2)@+D) — | therefore (¢ + 1)|(2ai; — 2mi»), that is
(2am)|(2aiy — 2mi;). And then a|mi,, which contradicts to the fact gcd(a, m) = 1. Hence
the elements of vector a are mutually distinct.

Then by Corollary 1.3 and Lemma 5.1, the conclusion follows. O

6 g-ary quantum MDS codes, where ¢ = 2am + 1 and ged(a, m) =1

In this section, we consider g-ary quantum MDS codes, where ¢ = 2am + 1 and ged(a, m)
=1

Lemma 6.1 Let g be an odd prime power with the form q = 2am + 1, where
ged(a,m) = 1. Let o be a fixed primitive element of F 2, f € {0, 1}, and s,t be inte-
gers such that 0 < s < m, 0 <t < a—1and s +1t > 1. Suppose b; y =

(w2a+t(q D+f w4a+l(q l)+f o 2ax+i(q71)+f)’ Cif= (w2m+i(q71)+f7 w4m+i(q71)+f,
w¥mitia- 1H‘f) and ay = (bo s,co,r, b1, r,€1,7,...,by r,¢q ). Then there exists
v e (Fry) 0D such that (@ vt = 0for0 < j.l <am+s+1—1.

Proof Let w be a fixed primitive element of F,2. We alsolet Abean (s 4+t —1) x (s +1)
matrix with A;; 2“1'(("“)”*) eFyforl <i<s+t—-1,1=<j<sand A;; =

a)z’"ﬂ"((‘]“)’_*) eF,forl <i<s+t—1, s+1<j<s+1t Thenthereexistsc € IE‘Y”
such that A - ¢/ = 0. Note that by deleting the Jj’-th column from matrix A, the remalmng
matrix is a Vandermonde matrix multiplied by []; 1@+ [ w™2@+D ‘hence all

coordinates of ¢ are nonzero So we can represent casc= (094 “) oo wost@thy

Now letu; = (w1 +i 7, ... @+t )andv = (ug,uy, ..., uy), then for any 0 <
Jj.l <am+ s+t — 1, wehave

v

s q
_ ZZw(2ai+k(q—1>+f)<qj+z>w(e,-+k‘12;‘)(q+1>
i=1 k=0

t 4
. : —1
+ Z z w(ZmH—k(q—l)+f)(qj+[)w(e.y+i+kqT)(q-H)

i=1 k=0
K t q
— ol @i+ (Z RT3 i) e <q+1>) Zwk<q—n(qj+l+"%‘).
i=1 i=1 k=0
Note that
q . ; : q+1
Zw’“‘l—”(‘lﬁ”%) _ [o, if (¢ + 1)1 (qj +1+ %),
=0 g+1; if (g +Dl(gj+1+45h.

Iqu—H—i—qurl =r(g+1),weclaimthat] <r < s+r—loram+1 <r <am+s+t—1.1f
r <am+l1,thengj+Il =r(g+1)— q+1 = (r—1)g+r+am.Since0 < j, I < am+s+t—1,
wehavel <r <s+4+r—1.Ifr >am+1 thengj+I=r(g+1)— q'H =rqg+r—am—1,
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henceam+1 <r < am+s+1 — 1. Note that 2@ @n(@=1) — g2milamq—1)) — | we have

(a?jﬂ’ VqH)E

Ky t
= /@D (g 4 1)(2 2 (rla+D—431) +eig+1) n Zmei(r(l]+l)qzﬂ)Jrej_,_i(qul))

i=1 i=1

= 0,
where the last equation is from the definition of c. O
Combining Lemmas 2.1, 6.1 and Hermitian construction, we have the following theorem.

Theorem 6.2 Let g be an odd prime power with the formq = 2am+ 1, where gcd(a, m) = 1.
Then for integer ¢ such that 1 < ¢ < 2(a +m — 1), there exists a [[c(q + 1),c(q + 1) —
2d + 2, d]],-quantum MDS code, where2 < d < am +c| + 1,

c; ifl<c<a+m-—-1,
cl =
L5 ifa+m<c=<2a+m-—1).

7 Conclusion

Quantum MDS codes are an important family of quantum codes. In this paper, using gener-
alized Reed—Solomon codes and Hermitian construction, we construct many new quantum
MDS codes with large minimum distances. In Table 1, we list the quantum MDS codes
constructed in this paper. In the following remarks, using our results in this paper, we can
produce quantum codes which include some of the previously known results and some new
quantum MDS codes.

Remark 7.1 (1) Consider the quantum MDS codes having type [[a(q + 1), a(g + 1) —2d +
2, d]], with large minimum distance. In [7,14,24], the authors constructed a class of

quantum MDS codes with ¢ = 2! and minimum distance 2 < d < % + qT_l, where

*
A is an even divisor of ¢ — 1. In our construction, Class 1 not only works for a = %,
where A is an even divisor of ¢ — 1(take b = 1), but also works for a = qT71, where A

is an odd divisor of ¢ — 1 (take b = 2 and choose m such that ‘12—:"1 is odd). Moreover,
a can be an integer not a divisor of ¢ — 1(take bt (g — 1)).

(2) Class 2 gives us more choices of a for the quantum MDS codes having type [[a(g +
D, a(g +1) — 2d + 2, d]], with large minimum distance.

(3) Consider the quantum MDS codes having type [[a(g — 1), a(g — 1) —2d + 2, d]], with
large minimum distance. In [14,22], the authors constructed a class of quantum MDS
codes with a|(g + 1). In Class 3 of our construction, the integer a not only can be a
divisor of ¢ + 1, but also can be an integer not a divisor of ¢ + 1.

(4) Classes 4 and 5 give us more choices of a for the quantum MDS codes having type
[la(qg —1),a(q — 1) — 2d + 2, d]], with large minimum distance.

(5) Class 6 (Class 7) is a class of [[c(q — 1),c(qg — 1) — 2d + 2, d]];-quantum MDS
code ([[c(g + 1), c(g + 1) —2d + 2, d]];-quantum MDS code, respectively) with large
minimum distance forany 1 < ¢ < 2(a +m — 1), where ¢ = 2am — 1 (¢ = 2am + 1,
respectively), gcd(a, m) = 1. Although, for some choices of ¢, the quantum codes may
be contained in Classes 3, 4 and 5 (Classes 1 and 2, respectively), there still some new
quantum MDS codes.
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Table 1 Quantum MDS codes

Class Length Distance

1 n=bm(qg+1), 2

In
U
In

9
+
3

m|45t bm < q -1
2 n = (bm+c(m—1)(g + 1), 2
m45t be>0,(b+cm<q—1

andb > 1lorm > 2

In
ISW
In
&
N‘L
+
3

3 n=bm(qg—1), 25‘15%"’_’"
m| L bm < g +1
4 n = (bm + c(m — D)(g — 1), 22d=93 +m

m L b= 0,(b+om<g+1

andb > lorm > 2

5 n=(c12m—1)+ (ca+c3)m)(g — 1), 2<d<9l 4w
mlE e cr,e320,0 < e + ey < 4L
0<ci+ec =< %andcl-i-cz-i-qzl
6 n=clg -1, 2<d <G 4e,
c; ifl<c<a+m-—1,
q =2am — 1, ged(a, m) =1, cl =

L%J; ifa+m<c<2a+m-—1).
1<c<2a+m-—1)

7 n=clg+1), 2<d < 4q,

c; ifl<c<a+m-—1,

= 2am + 1, geda.m) = 1. ~{o
q = 2am + 1 ged(a, m) TTVIs) ifa+m<c<2a+m—1).

1<c<2@+m-1)
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